The main objective of this paper is to clarify the ontology of DiracHestenes spinor fields (DHSF ) and its relationship with sum of even multivector fields, on a general Riemann-Cartan spacetime M=(M, g, ∇, τg, ↑) admitting a spin structure and to give a mathematically rigorous derivation of the so called Dirac-Hestenes equation (DHE ) when M is a Lorentzian spacetime. To this aim we introduce the Clifford bundle of multivector fields (Cℓ(M, g)) and the left (Cℓ (M )) is clarified. We study in details the theory of the covariant derivatives of Clifford and left and right spin-Clifford fields. Moreover, we find (for the first time) a consistent Dirac equation for a DHSF Ψ ∈ sec Cℓ
(M )) is clarified. We study in details the theory of the covariant derivatives of Clifford and left and right spin-Clifford fields. Moreover, we find (for the first time) a consistent Dirac equation for a DHSF Ψ ∈ sec Cℓ Lorentzian spacetime. We succeeded also in obtaining a representation of the DE Cℓ l in the Clifford bundle Cℓ(M, g). It is such equation that we call the DHE and it is satisfied by Clifford fields ψΞ ∈ sec Cℓ(M, g).This means that to each DHSF Ψ ∈ sec Cℓ (M ) there is a well defined sum of even multivector fields ψΞ ∈ sec Cℓ(M, g) (E MFS ) associated with Ψ. Such a E MFS is called a representative of the DHSF on the given spin frame. And, of course, such a E MFS (the representative of the DHSF ) is not a spinor field. With this crucial distinction between a DHSF and its representatives on the Clifford bundle we provide a consistent theory for the covariant derivatives of Clifford and spinor fields of all kinds. We emphasize that the DE Cℓ l and the DHE, although related, are equations of different mathematical natures. We study also the local Lorentz gauge invariance and the electromagnetic gauge invariance of both the DE Cℓ l and the DHE, showing that for DE Cℓ l these transformations are of different mathematical natures, even if they look similar at first sight. For the DHE such transformations are of the same mathematical nature, thus suggesting a possible link between them. 
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Introduction
This is a sequel paper to [35] . Its objective is to clarify the ontology of the so called Dirac-Hestenes spinor fields (DHSF ) 1 and to give a mathematically justified account of the Dirac-Hestenes equation, subjects that have been a matter of many misunderstandings and controversies (see, e.g., [21] ). To motive our enterprise we recall that in [35] we could introduce a mathematically correct definition of DHSF on a Minkowski spacetime as some equivalence classes of Clifford fields, but in our formulation of the Dirac-Hestenes equation we had to introduce a 'spinorial connection' in a completely ad hoc way. Here we show (among other results) that he 'spinorial connection' introduced in [35] is a representative in the Clifford bundle of a legitimate spinorial connection.
To achieve our goals, we introduce in section 2 the Clifford bundle of multivector fields 2 (Cℓ(M, g)), and the left ( Cℓ (M )) spin-Clifford bundles the spin manifold (M, g), and study in details the relations among these bundles. Left algebraic spinor fields and Dirac-Hestenes spinor fields (both fields are sections of Cℓ (M ) (denoted DE Cℓ l ) on a Lorentzian manifold 3 . We succeeded also in obtaining in section 6 a representation of the DE Cℓ l in the Clifford bundle, an equation we call the Dirac-Hestenes equation (DHE ) which is satisfied by Clifford fields ψ Ξ ∈ sec Cℓ(M, g).This means that to each DHSF Ψ ∈ sec Cℓ l Spin e
1,3
(M ) and to each spin frame Ξ ∈ sec P Spin e 1,3 (M ) there is a well defined sum of even multivector field ψ Ξ ∈ sec Cℓ(M, g) (E MFS ) associated with Ψ. Such a E MFS is called a representative of the DHSF on the given spin frame. And, of course, such a E MFS (the representative of the DHSF ) is not a spinor field. With this crucial distinction between a DHSF and their E MFS representatives we presented in section 6 an effective spinorial connection 4 for the representatives of a DHSF on Cℓ(M, g), thus providing a consistent theory for the covariant derivatives of Clifford and spinor fields of all kinds.
We emphasize that the DE Cℓ l and the DHE , although related, are of different mathematical natures. This issue has been particularly scrutinized in sections 5 and 6, thus making contact between the general theory of this paper and the one developed for Minkowski spacetime in [35] . We studied also the local Lorentz gauge invariance and the electromagnetic gauge invariance of both the DE Cℓ l and the DHE, showing explicitly that for DE Cℓ l these transformations are of different mathematical natures, even if they look similar at first sight. For the DHE these transformations are of the same mathematical nature and a possible link between them suggests itself. In a sequel paper we are going to investigate this issue and also (a) the formulation of the DE Cℓ and DHE in an arbitrary Riemann-Cartan spacetime through the use of the variational principle 5 ; (b) the theory of the Lie derivative of the LIASF and DHSF and; (c) the claim in [17] that existence of spinor fields in a Lorentzian manifold requires a minimum amount of curvature. This problem is important in view of the proposed teleparallel theories of the gravitational field. The paper contains Appendices on fiber bundles and the theory of covariant derivatives on vector bundles that (besides fixing notations) are necessary together with the material in the Appendices of [35] for the full intelligibility of the present paper. 
is an oriented Lorentzian manifold (oriented by τ g ) and time oriented by an appropriated equivalence relation 6 (denoted ↑) for the timelike vectors at the tangent space T x M , ∀x ∈ M . ∇ is a linear connection for M such that ∇g = 0.
Definition 3 If in addition to the requirements of the previous definitions,
T(∇) = 0 and R(∇) = 0, where T and R are respectively the torsion and curvature tensors, then M is said to be a Lorentzian spacetime. When ∇g = 0, T(∇) = 0, R(∇) = 0, M is called Minkowski spacetime and will be denoted by M. When ∇g = 0, T(∇) = 0 and R(∇) = 0 or R(∇) = 0, M is said to be a Riemann-Cartan spacetime. 5 We shall use in our approach to the subject the techniques of the multivector and extensor calculus developed in ( [12] , [13] , [14] , [26] , [27] , [28] , [29] ), 6 See [36] for details
In what follows P SO e 1,3
(M ) denotes the principal bundle of oriented Lorentz tetrads. 7 It is well known [33] that the natural operations on metric vector spaces, such as, e.g., direct sum, tensor product, exterior power, etc., carry over canonically to vector bundles with metrics. We have the
Definition 4 The Clifford bundle of the Lorentzian manifold (M, g) is the bundle of algebras
As is well known ([4] , [5] , [10] ) Cℓ(M, g) is a quotient (or factor ) bundle 8 , namely
where τ M = ⊕ ∞ r=0 T 0,r M and T (0,r) M is the space of r-contravariant tensor fields, and J (M, g) is the bundle of ideals whose fibers at x ∈ M are the two side ideals in τ M generated by the elements of the form
Let π c : Cℓ(M, g) → M be the canonical projection of Cℓ(M, g) and let {U α } be an open covering of M . From the definition of a fiber bundle (Appendix A) we know that there is a trivialization mapping ψ i : π
for h ij (x) ∈ Aut(R 1,3 ), where h ij : U i ∩ U j → Aut(R 1,3 ) are the transition mappings of Cℓ(M, g). We know that every automorphism of R 1,3 is inner and it follows that,
7 We presuppose that the reader knows very well the structure of P SO e 1,3
(M ), whose sections are the time oriented and oriented orthonormal frames, each one associated by a local trivialization to a unique element of SO e 1,3 (M ). See, e.g., ([16] , [23] , [30] , [31] ). 8 Crumeyrolle [10] denotes Cℓ(M, g) by Cℓ(M ) and call it the Clifford algebra of the manifold M , but we do not like this nomenclature, because a given manifold can support many non isomorphic Clifford algebras, depending on the signature of g. (M ) can be (through Ad ′ ) taken as transition maps for the Clifford bundle. We then have [5] Cℓ(M, g) = P SO e 1,3
i.e., the Clifford bundle is an associated vector bundle to the principal bundle
(M ) of orthonormal Lorentz frames. 
satisfying the following conditions
(M ) and Ad : Spin [35] we learned that the minimal left (right) ideals of R p,q are irreducible left (right) module representations of R p,q and we defined covariant, algebraic Dirac spinors and Dirac-Hestenes spinors (when (p, q) = (1, 3)) as some equivalence classes in appropriate sets. We gave also in [35] a preliminary definition for fields of these objects living on Minkowski spacetime. We are now interested in defining algebraic Dirac spinor fields and also Dirac-Hestenes spinor fields on a general (4-dimensional) Riemann-Cartan spacetime (definition 3).
So, the following question naturally arises: Is it possible to find a vector bundle π s : S(M ) → M with the property that each fiber over x ∈ M is an irreducible module over Cℓ(T * x M )? 9 Please, take into account that we have used the name Clifford fields in [35] for mappings from a Minkowski spacetime to the Clifford algebra R 1,3 .
10 Recall that Sl(2, C) ≃ Spin The answer to the above question is in general no. Indeed it is a classical result ( [1] , [4] , [5] , [10] , [15] , [23] , [30] - [32] , [34] , [33] ) that the necessary and sufficient conditions for S(M ) to exist is that P Spin e 1,3 (M ) exists, which implies that the second Stiefel-Whitney class of M , i.e., w 2 (M ) is trivial 11 . For a spacetime M (definition 2) the above statement is equivalent (as shown originally by Geroch [16] 12 . We call such bundles spinor bundles.
Taking into account the preliminary definitions of algebraic spinors and Dirac-Hestenes spinors on Minkowski spacetime given in [35] , we now present the most usual definitions of spinor bundles appearing in the literature 13 and next we find appropriate vector bundles such that particular sections are LIASF or DHSF.
Definition 9 A real spinor bundle for M is the vector bundle
where M is a left module for R 1,3 and where µ l is a representation of Spin 
Definition 10
The dual bundle S ⋆ (M ) is a real spinor bundle
where M ⋆ is a right module for R 
where M c is a complex left module for 11 Sometimes this is expressed by writing w 2 (M ) = 0 or w 2 (M ) = 1, depending if we represent Z 2 as a additive or a multiplicative group.
12 When a given principal bundle is trivial, any vector bundle associate to it is also trivial, i.e., admits a non trivial global section [31] . 13 We recall that there are some other (equivalent) definitions of spinor bundles that we are not going to introduce in this paper as, e.g., the one given in [6] in terms of mappings from
to some appropriate vector space. in End(C 4 ), we recognize immediately the usual definition of the covariant spinor bundle of M , as given, e.g., in ([8] , [9] , [15] , [30] , [31] 
Left Spin-Clifford Bundle
In [35] ) we saw that besides the ideal I = R 1,3 1 2 (1 + E 0 ), other ideals exist in R 1,3 that are only algebraically equivalent to this one. In order to capture all possibilities we recall that R 1,3 can be considered as a module over itself by left (or right) multiplication by itself. We are thus lead to the 
Definition 13 The left real spin-Clifford bundle of M is the vector bundle
Sections of Cℓ (M ). This will be proved in section 6.
(M ) is called a right ideal algebraic spinor field (RIASF) if and only if there exists a primitive idempotent element
The subbundle of the right ideal algebraic spinor fields will be denote by I ⋆ (M ).
It can be thought as a a real spinor bundle for
M such that M ⋆ in Eq.(9) is a minimal right ideal of R 1,3 .
Proposition 19 In a spin manifold, we have
Proof. Remember once again that the representation Ad : Spin
is such that Ad −1 = identity and so Ad descends to a representation Ad ′ of SO
which we considered above. It follows that when P Spin e 1,3
We recall that if e = e 2 is a primitive idempotent of R 1,3 , then we can write R 1,3 = R 1,3 eR 1,3 = (R 1,3 e)(eR 1,3 ). Then, the Clifford algebra R 1,3 is the tensor product of the ideals I =R 1,3 e and I ⋆ = eR 1,3 , i.e., R 1,3 = I ⊗ I ⋆ . So, if we recall the definition of the tensor product of vector bundles ( [31] , [32] ) and the previous proposition we have
The prove is a direct consequence of proposition 50 of section 6. Proof. We give the proof here because it is important for our objectives in this paper. Consider the diagram,
Bundle of Modules over a Bundle of Algebras
The diagram is clearly a commutative one. Then, the mapping µ :
where Cℓ(M, g)⊕S(M ) is the Whitney sum bundle ( [33] ) of Cℓ(M, g) and S(M ). This map has now the desired properties, which proves the theorem.
Proof. It is an immediate consequence of proposition (21) . So, the corollary permit us to identify a correspondence between some sections of Cℓ(M, g) and some sections of I(M ) or Cℓ 
Remark 24 Before we proceed we need to recall that an analogous to Theorem 21 is valid for the right spinor bundle right spin-Clifford bundle Cℓ
(M ) = P Spin e 1,3 (M ) × l C ⊗ R 1,3 ≡ P Spin e 1,3 (M ) × r R 4(M ) = P Spin e 1,3 (M ) × r C ⊗ R 1,3 ≡ P Spin e 1,3 (M ) × r R 4,1 .
Remark 26 Because we assume that M is a spin manifold, Geroch's theorem implies that
(M ) is a trivial bundle, i.e., it admits global sections.
Definition 27
We call global sections ξ ∈ sec(P SO e 1,3 (M )) Lorentz frames [35] and global sections Ξ ∈ sec P Spin e
1,3
(M ) spin frames 15 .
Remark 28 Even when M is a spin manifold, it may admit non equivalent spin structures if
In that case, the specification of a spin frame Ξ amounts to a choice of a definite spin structure for M .
Dirac Hestenes Spinor Fields
Let E µ , µ = 0, 1, 2, 3 be the canonical basis of R 1,3 ֒→ R 1,3 which generates the algebra, i.e.,
µν . We recall from [35] that, e.g.,
is a primitive idempotent of R 1,3 and that
is a primitive idempotent of C ⊗ R 1,3 . Now, let I =R 1,3 e and I C = C ⊗ R 1,3 f be respectively the minimal left ideals of R 1,3 and C ⊗ R 1,3 generated by the e and f . Let φ = φe ∈ I and Ψ = Ψf ∈ I C . Then, any φ ∈ I can be written as
where ψ ∈R + 1,3 . Any Ψ ∈ I C can be written as
, where C(4) is the algebra of the 4 × 4 complexes matrices. We can verify that is a primitive idempotent of C(4) which is a matrix representation of f . In this way we can prove (as showed, e.g., in [35] ) that there is a bijection between column spinors, i.e., elements of C 4 ( the complex 4-dimensional vector space) and the elements of I C . All that, plus the definitions of the left real and complex spin bundles and the subbundle I(M ) suggests the 
Definition 29 A Dirac-Hestenes Spinor field (DHSF) is an even section ψ of Cℓ
l Spin e 1,3 (M ) such that if Φ ∈ sec I(M ) ⊂ sec Cℓ l Spin e 1,3 (M ), i.e. R e Φ = Φe =Φ, e 2 = e = 1 2 (1 + E 0 ) ∈R 1,3(23)then Φ = ψe (24)
Remark 30 An equivalent definition of a DHSF is the following. A DHSF is an even section ψ of Cℓ
l Spin e 1,3 (M ) ⊂ Cℓ l Spin e 1,3 (M ) such that if Ψ ∈ sec I(M ) ⊂ sec Cℓ l Spin e 1,3 (M ) i.e., R f Ψ = Φf =Φ, f 2 = f = 1 2 (1 + E 0 ) 1 2 (1 + iE 2 E 1 ) ∈C⊗R 1,3 ,(25)then Ψ = ψf (26)
The Bilinear Covariants Associated to a DHSF
We are now in position to give a precise definition of the bilinear covariants 16 of Dirac theory associated to a given DHSF.
Definition 32 Recalling that
(M ) the bilinear invariants associated to a 16 There is no sense in our formalism to call these objects of bilinear covariants, since they are intrinsic objects. Nevertheless, we will use this terminology since this is a usual practice.
In Eq.(27)
Remark 33
Of course, since all bilinear invariants in Eq. (27) However, these fields and also the so-called , [20] ) fields which are also sections of Cℓ(M, g) cannot be used in a physical theory of fermion fields since they do not have the correct transformation law under a Lorentz rotation of the local spin frame.
Covariant Derivatives of Clifford and Spinor Fields 4.1 Covariant Derivative of Clifford Fields
In this section
is clear that any linear connection defined in τ M which is metric compatible, i.e., ∇g = 0, passes to the quotient τ M/J(M, g) and thus define an algebra bundle connection [10] . In this way, the covariant derivative of a Clifford field A ∈ sec Cℓ(M, g) is completely determined. We will find formulas for the covariant derivative of Clifford fields and of DHSF using the general theory of connections in principal bundles and covariant derivatives in associate vector bundles.
Proposition 35 The covariant derivative of a Clifford field
Proof (i) We start from Eq.(109) of Appendix B and write
where
(ii) Now, we recall [22] that each g ∈ sec Cℓ 0 (M, g), gg
with F ∈ sec 2 (M ) ⊂ sec Cℓ 0 (M, g), and we can choose the positive sign in Eq.(31) except in the particular case when F 2 = 0. We then write
where ω v ∈ sec 2 (M ) ⊂ sec Cℓ 0 (M, g) will be called the 'connection' 2-form. It is, of course, the image of the connection 1-form calculated on the vector v. The result, as it may be has values in the Lie algebra of Spin e 1,3 . Using Eq. (32) in (30) we get,
When instead of v ∈ T x0 M , we have a vector field V ∈ sec T M we can repeat the above calculation for every point x ∈ M and Eq.(28) follows.
Remark 36
The general formula, Eq. (28) shows that the covariant derivative of an homogeneous Clifford field has the same gradation as can be easily verified.
putting
we get ω bc a = −ω bc a (36) For A = A a e a we immediately obtain
which agrees with the well known formula for the derivative of the components a covariant vector field. We observe that a formula equivalent to Eq. (28) is given in [3] , but there it is simple put in place in order to agree with Eq.(37). ¿From the general formula (Eq. (28)) and the associative law in the Clifford algebra, it follows immediately the Corollary 37 The covariant derivative ∇ V on Cℓ(M, g) acts as a derivation on the algebra of sections, i.e., for A, B ∈ sec Cℓ(M, g) and V ∈ sec T M it holds
Proof. It is a simple calculation using Eq.(28). We know that under a change of gauge (local Lorentz transformation), explicitly e a → e ′a = U γ a U −1 , with U ∈ sec Cℓ(M, g), UŨ =Ũ U = 1 the connection 1-forms on the basis transforms as Eq.(106). The transformation law of ω V is different. Indeed, we have the
Corollary 38 Under a change of gauge (local Lorentz transformation that send the spin coframe
Proof. It is a simple calculation using Eq.(28).
Covariant Derivatives of Spinor Fields
The Spinor Bundles introduced in section 2, like I(M ) = P Spin 
Proof. This is a simple computation using the general definition Eq.(109), where we write in computing first (∇ 
Remark 39
Proposition 40 Let ∇ be the connection on Cℓ(M, g) to which ∇ s is related. Then, for any V ∈ sec T M , X ∈ sec Cℓ(M, g) and Ψ ∈ sec Cℓ
Proof. It follows from a simple computation.
Remark
(M ) and X ∈ sec Cℓ(M, g) we have for the covariant derivative
Now, let Ψ ∈ sec Cℓ
(M )) be such that Ψe =Ψ where e 2 = e ∈R 1,3 is a primitive idempotent. Then since Ψe =Ψ we must have
from where we conclude that the covariant derivative of a LIASF is also a LIASF (as it must be).
The Many Faces of the Dirac Equation
Dirac Equation for Covariant Dirac Fields
(M ) × µ l C 4 be a a covariant Dirac spinor field). The usual Dirac equation in a Lorentzian spacetime for the spinor field Ψin interaction with an electromagnetic field A ∈ sec 1 (M ) ⊂ sec Cℓ(M, g) in a local global trivialization (U = M, Φ), Φ(Ψ) = (x, |Ψ(x) ) corresponding to to a spin frame Ξ (definition (27) ) such that
is
where γ a ∈ C(4), a = 0, 1, 2, 3 is a set of constant Dirac matrices satisfying 
Dirac Equation in Cℓ
where {e a } is a basis as defined in Eq. (45) Now, the details of the (inverse) translation are. We start with the following equation which we call Dirac equation in Cℓ
where ψ ∈ sec Cℓ
(M ) is a DHSF and the E a ∈ R 1,3 are such that
we get after some simple algebraic manipulations the following equation for the (complex) ideal left spin-Clifford field Ψf =Ψ ∈ sec Cℓ
Now, we can easily show using the method of [35] that given any global trivializations (U = M, Θ) and (U = M, Φ), of Cℓ(M, g) and Cℓ 
Proof. Let us write the DE Cℓ l for ψ ′ ,
Then,
Electromagnetic Gauge Invariance of the DE Cℓ l
Proposition 45 DHE is invariant under electromagnetic gauge transformations
with ψ, ψ ′ distinct DHSF, and where χ : M → R ⊂ R 1,3 is a gauge function.
Proof. The proof is obtained by direct verification.
Remark 46 It is important to observe here that although active local rotations and electromagnetic gauge transformations look similar, they are indeed very different mathematical transformations, without any obvious geometrical link between them, differently of what seems to be the case for the Dirac-Hestenes equation which is studied in the next section.
The Dirac-Hestenes Equation (DHE )
We obtained above a Dirac equation, whicht we called DE Cℓ l describing the motion of spinor fields represented by sections Ψ of Cℓ (M, g) in interaction with an electromagnetic field A ∈ sec Cℓ(M, g), (M, g)), it does not suffer from the inconsistency of representing spinors as pure differential forms and, in fact, the object Ψ behaves exactly as it should under Lorentz transformations.
As a matter of fact, Eq. (58) can be thought of as a mere rewriting of the usual Dirac equation, where the role of the constant gamma matrices is undertaken by the constant elements {E a } in R 1,3 and by the set {e a }. In this way, Eq. (58) is not a Dirac-Hestenes like equation, as discussed, e.g. in [35] . Suffice is to say that (i) the state of the electron is not a Clifford field and (ii) the E a 's are just constant elements of R 1,3 and not sections of vectors in 1 (M ). Nevertheless, as we show in the following, Eq. (58) does lead to a multivector Dirac equation once we carefully employ the theory of right and left actions on the various Clifford module bundles introduced earlier. It is the multivector equation 19 to be derived below that we call the DHE. We shall need several preliminaries results that we collect in the next two subsections.
The Various Natural Actions on the Vector Bundles
Associated to P Spin 
In this way, it is possible to define the following natural actions on these associated bundles.
Proposition 47 There is a natural right action of R 1,3 on Cℓ Proof. Given α ∈ sec Cℓ(M, g) and β ∈ sec Cℓ and (pu −1 , ub) are chosen for α(x) and β(x), we have
and thus (αβ)(x) is a well defined element of Cℓ
(M, g).
Proposition 50 There is a natural pairing
sec Cℓ
Proof. Given α ∈ sec Cℓ (M ), select representatives (p, a) for α(x) and (p, b) for β(x) (with p ∈ π −1 (x)) and define (αβ)(x) := ab ∈ R 1,3 . If another representatives (pu −1 , au −1 ) and (pu −1 , ub) are chosen for α(x) and β(x), we have au −1 ub = ab and thus (αβ)(x) is a well defined element of R 1,3 .
Fiducial Sections Associated to a Spin Frame
We start by exploring the possibility of defining "identity sections" on the various vector bundles associated to the principal bundle P Spin e 1,3
(M ).
Proposition 52 Cℓ(M, g) has a naturally defined global identity section.
Proof. Let Ψ i , Ψ j be two local trivializations of the bundle, on U i ∩U j = ∅. Define the local sections
where 1 is the identity of R 1,3 . Since h ij (x)·1 = Ad gij (x) (1) = g ij (x)1g ij (x) −1 = 1, the proposition is proved.
It is clear that such a result can be immediately generalized for the Clifford bundle Cℓ p,q (M, g), of any n-dimensional manifold endowed with a metric of arbitrary signature (p, q) (where n = p + q). Now, we observe also that the right (and also the left ) spin-Clifford bundle can be generalized in an obvious way for any spin manifold of arbitrary finite dimension n = p + q, with a metric of arbitrary signature (p, q). However, another important difference between Cℓ(M, g) and Cℓ Proof. We show the necessity, the sufficiency is trivial. For Cℓ r Spin e p,q (M ), the transition functions corresponding to the local trivializations
are given by k ij (x) = R gij (x) , with R a : R p,q → R p,q , x → xa −1 . Let 1 be the identity of R 1,3 . An identity section in Cℓ 
and we must have 1
is the identity in all intersections. This proves the proposition.
Remark 54 In general, Cℓ
r Spin e p,q (M ) is not trivial for arbitrary (p, q), but Geroch's theorem [16] warrants that, for the special case (p, q) = (1, 3), Cℓ 
Because we assume that M is a spin manifold, Geroch's theorem implies that
(M ) is a trivial bundle, i.e., it admits global sections. We recall that we called global sections Ξ ∈ sec P Spin e 1,3 (M ) spin frames, and global sections ξ ∈ sec(P SO e 1,3 (M )) Lorentz frames [35] . We recall also that even when M is a spin manifold, it may admit non equivalent spin structures if H 1 (M, Z 2 ) is non-trivial. In that case, the specification of a spin frame Ξ amounts to a choice of a definite spin structure for M .
With this in mind, let us fix a definite spin frame Ξ for M . This induces a global trivialization for P Spin e Ξ (x, 1) = Ξ(x). As we show in the following, the spin frame Ξ can also be used to induce certain fiducial global sections on the various vector bundles associated to P Spin e 1,3 (M ):
a } be a fixed orthonormal basis of R 1,3 ⊆ R 1,3 (which can be thought of as the canonical basis of R 1,3 ). We define basis sections in Cℓ(M, g) by e a (x) = [(Ξ(x), E a )]. Of course, this induces a multivector basis {e I (x)} for each x ∈ M . Note that a more precise notation for e a would be, for instance, e (Ξ) a .
(ii) Cℓ . We see that the specification of the global sections {e a } in the case (i) above is intimately related to a choice of a spin structure s for M ; the one for which s(Ξ) = {e a }.
Proposition 55
Proof. This follows from the form of the various actions defined in propositions 47-51. For each x ∈ M, we have 1
(M ) (from proposition 49). Then, it follows from proposition 51 that
Let us now consider how the various global sections defined above transform when the spin frame Ξ is changed. Consider two spin frames Ξ, Ξ ′ ∈ sec(P Spin e 1,3 (M )). From the principal bundle structure of P Spin e 1,3
(M ), we know that, for each x ∈ M , there exists (an unique) u(x) ∈ Spin 
where U ∈ sec Cℓ(M, g) is the Clifford field associated to u by
Also, in (ii) and (iii)
, u and u −1 respectively act on 1 l Ξ ∈ sec Cℓ l Spin e 1,3 (M ) and 1 r Ξ ∈ sec Cℓ r Spin e 1,3 (M ) according to proposition 48.
Proof. (i) We have
(iii) It follows from proposition 49 that
where in the last step we used proposition 48 and the fact that 1 r Ξ (x) = [(Ξ(x), 1)]. To demonstrate the second part, note that
for all x ∈ M. It is important to note that in the last step we have a product between an element of Cℓ 
Proof. It is a simple computation, following the theory presented in the section 4.
Representatives of DHSF on the Clifford Bundle
Let {E a } be, as before, a fixed orthonormal basis of R 1,3 ⊆ R 1,3 . Remember that these objects are fundamental to the Dirac equation (58) 
(M ) be a spin frame on M and define the sections 1
(M ) and Cℓ(M, g), as above. Now we can use proposition 55 to write the above equation entirely in terms of sections of Cℓ(M, g). Indeed, we have
Right-multiplying by 1 r Ξ yields using proposition 55
Now, we have from proposition (40) and remark (41) that
where proposition 57 was employed in the last step. Therefore
Thus it is natural to define, for each spin frame Ξ, the Clifford field ψ Ξ ∈ sec Cℓ(M, g) (see proposition 50) by
We then have
A comment about the nature of spinors is in order. As we repeatedly said in the previous sections, spinors fields should not be ultimately regarded as fields of multivectors (or multiforms) , for their behavior under rotations is not tensorial (they are able to distinguished between 2π and 4π rotations). So how can the identification above be correct ? The answer is that definition in Eq. (71) is intrinsically spin frame dependent. Of course, this is the price one ought to pay if one wants to make sense of the "representing spinors as differential forms" procedure.
Note also that the covariant derivative acting on ψ Ξ in Eq. (72) is the tensorial covariant derivative ∇ V on Cℓ(M, g), as it should be. However, we see from the expression above that ∇ V acts on ψ Ξ together with the term 1 2 ψ Ξ ω a . Therefore, it is natural to define an "effective covariant derivative" ∇ (s)
Then, proposition 35 yields
which emulates the spinorial covariant derivative 20 , as it should. With this notation, we finally have the Dirac-Hestenes equation for the representative Clifford field ψ Ξ ∈ sec Cℓ(M, g), on a Lorentzian spacetime 21 :
where ψ Ξ is the representative of a DHSF Ψ of Cℓ
(M, g) relative to the spin frame Ξ.
Let us finally show that this formulation recovers the usual transformation properties characteristic of the Hestenes's formalism as described, e.g., in [35] . For that matter, consider two spin frames Ξ, Ξ ′ ∈ sec P Spin e 
. Therefore, the various spin frame dependent Clifford fields from Eq. (75) transform as
These are exactly the transformation rules one expects from fields satisfying the Dirac-Hestenes equation.
Bilinear Covariants
We note that the bilinear covariants, when written in terms of ψ Ξ := Ψ1 r Ξ , read (from proposition 55):
where e 5 = e 0 e 1 e 2 e 3 . These are all intrinsic quantities, as they should be.
Electromagnetic Gauge Invariance of the DHE
Proposition 58
The DHE is invariant under electromagnetic gauge transfor-
) and where χ ∈ 
We see that Eqs.(80) defines a spin frame Ξ ′ which defines a to which corresponds as we already know a basis {e 0 , e ′1 , e ′2 , e ′3 } for 0 (M ) ֒→ Cℓ(M, g). We can then think of the electromagnetic gauge transformations as a rotation in the spin plane e 21 by identifying ψ ′ Ξ in Eq.(77), with ψ Ξ ′ the representative of the DHSF in the spin frame Ξ ′ and supposing that instead of transforming the spin connection ω ea as in Eq.(39) it is taken as fixed and instead of maintaining the electromagnetic potential A fixed it is transformed as in Eq.(78).
We observe that since in the theory of the gravitational field ω ea is associated with some aspects of that field, our interpretation for the electromagnetic gauge transformation suggests a possible non trivial coupling between electromagnetism and gravitation, if the Dirac-Hestenes equation is taken as a more fundamental representation of fermionic matter. We will explore this possibility in another publication. Note that the usual presentation of electromagnetic theory as a U (1) gauge theory has no place for our suggested interpretation because there i = √ −1 takes the place of the spin plane e 21 .
Conclusions
In this paper, which is a sequel to [35] we hope to have clarified the ontology of Dirac-Hestenes spinor fields (on a general spacetime M =(M, g, ∇, τ g , ↑) of the Riemann-Cartan type admitting a spin structure) and its its relationship with sum of even multivector fields (or differential forms). This has been achieved through the introduction of the Clifford bundle of multivector fields (Cℓ(M, g)) and the left ( Cℓ (M ) there is a well defined even nonhomogeneous multivector field ψ Ξ ∈ sec Cℓ(M, g) (E MFS ) associated with Ψ. Such a E MFS is called a representative of the DHSF on the given spin frame. And, of course, such a E MFS (the representative of the DHSF ) is not a spinor field. With this crucial distinction between a DHSF and their E MFS representatives we presented a consistent theory for Clifford and spinor fields of all kinds.
We emphasize that the DE Cℓ l and the DHE , although related, are of different mathematical natures. This issue has been particularly scrutinized in sections 5 and 6, thus making contact between the general theory of this paper and the one developed for Minkowski spacetime in [35] . We studied also the local Lorentz gauge invariance and the electromagnetic gauge invariance of both the DE Cℓ l and the DHE, showing explicitly that for DE Cℓ l these transformations are of different natures, even if they look similar at first sight. For the DHE these transformations are of the same mathematical nature, something that suggests by itself a possible link between them. This suggests that eventually the DHE may be a more fundamental representation of fermionic matter. Is this the case? This is a question for which we do not have an answer at this moment.
A Principal Bundles and Vector Bundles
Definition 59 A fiber bundle over M with Lie group G will be denoted by (E, M, π, G, F ). E is a topological space called the total space of the bundle, π : E → M is a continuous surjective map, called the canonical projection and F is the typical fiber. The following conditions must be satisfied:
, the fiber over x is homeomorphic to F . b) Let {U i , i ∈ I}, where I is an index set, be a covering of M , such that:
• Locally a fiber bundle E is trivial, i.e., it is diffeomorphic to a product bundle, i.e., π
• The diffeomorhisms Φ i :
The collection {(U i , Φ i )}, i ∈ I, are said to be a family of local trivializations for E.
• The group G acts on the typical fiber. Let x ∈ U i ∩ U j . Then,
must coincide with the action of an element of G for all x ∈ U i ∩ U j and i, j ∈ I.
• We call transition functions of the bundle the continuous induced mappings
For consistence of the theory the transition functions must satisfy the cocycle condition
Definition 60 Equivalent fiber bundles need to use this concept in what follows and so are not going to introduce it here.
Definition 61 (P, M, π, G, F ≡ G) ≡ (P, M, π, G) is called a principal fiber bundle (PFB) if all conditions in 1 are fulfilled and moreover, there is a right action of G on elements p ∈ P , such that: a) the mapping (defining the right action) P × G ∋ (p, g) → pg ∈ P is continuous.
b) given g, g ′ ∈ G and ∀p ∈ P , (pg)g ′ = p(gg ′ ). c) ∀x ∈ M, π −1 (x) is invariant under the action of G, i.e., each element of p ∈ π −1 (x) is mapped into pg ∈ π −1 (x), i.e., it is mapped into an element of the same fiber.
d) G acts free and transitively on each fiber π −1 (x), which means that all elements within π −1 (x) are obtained by the action of all the elements of G on any given element of the fiber π −1 (x). This condition is, of course necessary for the identification of the typical fiber with G. 
where π 1 : P × ρ F → M is the projection of the bundle associated to (P, M, π, G). Then, for all x ∈ U i ∩ U j , i, j ∈ I, we have
In addition, the fibers π −1 (x) are vector spaces isomorphic to the representation space V .
Definition 64
Let (E, M, π, G, F ) be a fiber bundle and U ⊂ M an open set. A local section of the fiber bundle (E, M, π, G, F ) on U is a mapping
If U = M we say that s is a global section.
Remark 65 There is a relation between sections and local trivializations for principal bundles. Indeed, each local section s, (on U i ⊂ M ) for a principal bundle (P, M, π, G) determines a local trivialization
Conversely, Φ i determinesŝ since 
Remark 68
The proof of these propositions are easy and can be found in, e.g., [33] .
B Connections B.1 Equivalent Definitions of a Connection in Principal Bundles
To define the concept of a connection on a PFB (P, M, π, G), we recall that since dim(M ) = 4, if dim(G) = n, then dim(P ) = n + 4. Obviously, for all x ∈ M , π −1 (x) is an n-dimensional submanifold of P diffeomorphic to the structure group G and π is a submersion, π −1 (x) is a closed submanifold of P for all x ∈ M .
The tangent space T p P , p ∈ π −1 (x), is an (n + 4)-dimensional vector space and the tangent space V p P ≡ T p (π −1 (x)) to the fiber over x at the same point p ∈ π −1 (x) is an n-dimensional linear subspace of T p P called the vertical subspace of T p P 22 . Now, roughly speaking a connection on P is a rule that makes possible a correspondence between any two fibers along a curve σ : R ⊇ I → M, t → σ(t). If p 0 belongs to the fiber over the point σ(t 0 ) ∈ σ, we say that p 0 is parallel translated along σ by means of this correspondence.
Definition 69 A horizontal lift of σ is a curveσ : R ⊇ I → P (described by the parallel transport of p).
It is intuitive that such a transport takes place in P along directions specified by vectors in T p P , which do not lie within the vertical space V p P . Since the 22 Here we may be tempted to realize that as it is possible to construct the vertical space for all p ∈ P then we can define a horizontal space as the complement of this space in respect to TpP . Unfortunately this is not so, because we need a smoothly association of a horizontal space in every point. This is possible only by means of a connection. tangent vectors to the paths of the basic manifold passing through a givenwith p 0 =σ(0) andσ(t) = p t , π(p t ) = x.
In order to present yet a third definition of a connection we need to know more about the nature of the vertical space V p P . For this, letX ∈T e G = G be an element of the Lie algebra G of G. The vectorX is the tangent to the curve produced by the exponential map
Then, for every p ∈ P we can attach to eachX ∈ T e G = G a unique element X v p ∈ V p P as follows: let F : P → R be given by f (t) = F(p exp tX), where f : (−ε, ε) → P is a curve in P . Then we havê
By this construction we attach to eachX ∈T e G = G a unique vector field over P , called the fundamental field corresponding to this element. We then have the canonical isomorphism
from which we get V p P ≃ G.
Definition 73 A connection on a PFB (P, M, π, G) is a 1-form field ω on P with values in the Lie algebra G = T e G such that ∀p ∈ P we have,
, where Ad g −1 ω p = g −1 ω p g. It follows that if {G a } is a basis of G and {θ i } is a basis for T * P then
where ω a are 1-forms on P . Then the horizontal spaces can be defined by defined by
which shows the equivalence between the definitions.
B.2 The Connection on the Base Manifold
Definition 74 Let U ⊂ M and
be a local section of the PFB (P, M, π, G).
Definition 75 Let ω be a connection on P . The 1-form s * ω (the pullback of ω under s) by (s * ω) x (X x ) = ω s(x) (s * X x ), X x ∈ T x M, s * X x ∈ T p P, p = s(x),
is called the local gauge potential.
It is quite clear that s * ω ∈ sec T * U ⊗ G. This object differs from the gauge field used by physicists by numerical constants (with units). Conversely we have the following
Proposition 76 Givenω ∈ sec T * U ⊗G and a differentiable section of π −1 (U ) ⊂ P , U ⊂ M , there exists one and only one connection ω on π −1 (U ) such that s * ω =ω.
Consider now ω ∈ T * U ⊗ G,ω = (Φ −1 (x, e)) * ω =s * ω, s(x) = Φ −1 (x, e), ω ′ ∈ T * U ′ ⊗ G,ω ′ = (Φ ′−1 (x, e)) * ω =s ′ * ω, s ′ (x) = Φ ′−1 (x, e).
Then we can write, for each p ∈ P (π(p) = x), parameterized by the local trivializations Φ and Φ ′ respectively as (x, g) and (x, g ′ ) with x ∈ U ∩ U ′ , that
Now, if
we immediately get from Eq.(106) that
which can be called the transformation law for the gauge fields.
B.3 Covariant Derivatives on Vector Bundles
Consider a vector bundle (E, M, π 1 , G, F ) denoted E = P × ρ F associated to a PFB bundle (P, M, π, G) by the linear representation ρ of G in F = V. Consider again the trivializations of P and E given by Eqs.(87)-(89). Then, we have the
Definition 77
The parallel transport of Ψ 0 ∈ E, π 1 (Ψ 0 ) = x 0 , along the curve σ : ∋ I → M , t → σ(t) from x 0 = σ(0) ∈ M to x = σ(t) is the element Ψ t ∈ E such that:
i (p 0 ))χ i (Ψ 0 ). (iii) p t ∈ P is the parallel transport of p 0 ∈ P along σ from x 0 to x as defined in Eq.(96) above.
Definition 78 Let X be a vector at x 0 tangent to the curve σ (as defined above). The covariant derivative of Ψ ∈ sec E in the direction of X is denoted (D E X Ψ) x0 ∈ sec E and
where Ψ 0 t is the "vector" Ψ t ≡ Ψ(σ(t)) of a section Ψ ∈ sec E parallel transported along σ from σ(t) to x 0 , the only requirement on σ being
In the local trivialization (U i , Ξ i ) of E (see Eqs.(87)-(89)) if Ψ t is the element in V representing Ψ t ,
By choosing p 0 such that g 0 = e we can compute Eq.(109):
This formula is trivially generalized for the covariant derivative in the direction of an arbitrary vector field Y ∈ sec T M.
With the aid of Eq.(112) we can calculate, e.g., the covariant derivative of Ψ ∈ sec E in the direction of the vector field Y = ∂ ∂x µ ≡ ∂ µ . This covariant derivative is denoted D ∂µ Ψ ≡ D µ Ψ.
